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Unit I 

INTRODUCTION AND SIGNAL PROCESSING 

INTRODUCTION TO DIGITAL CONTROL 

A digital control system model can be viewed from different perspectives including control 

algorithm, computer program, conversion between analog and digital domains, system 

performance etc. One of the most important aspects is the sampling process level. 

In continuous time control systems, all the system variables are continuous signals. Whether 

the system is linear or nonlinear, all variables are continuously present and therefore known 

(available) at all times. A typical continuous time control system is shown in Figure 1. 

In a digital control system, the control algorithm is implemented in a digital computer. The 

error signal is discretized and fed to the computer by using an A/D (analog to digital) 

converter. The controller output is again a discrete signal which is applied to the plant after 

using a D/A (digital to analog) converter. General block diagram of a digital control system is 

shown in Figure 2. 

e(t) is sampled at intervals of T. In the context of control and communication, sampling is a 

process by which a continuous time signal is converted into a sequence of numbers at discrete 

time intervals. It is a fundamental property of digital control systems because of the discrete 

nature of operation of digital computer.  

Figure 3 shows the structure and operation of a finite pulse width sampler, where (a) 

represents the basic block diagram and (b) illustrates the function of the same. T is the 

sampling period and p is the sample duration. 



 

 

In the early development, an analog system, not containing a digital device like computer,in 

which some of the signals were sampled was referred to as a sampled data system. With the 

advent of digital computer, the term discrete-time system denoted a system in which all its 

signals are in a digital coded form. Most practical systems today are of hybrid nature, i.e., 

contains both analog and digital components.  

Before proceeding to any depth of the subject we should first understand the reason behind 

going for a digital control system. Using computers to implement controllers has a number of 

advantages. Many of the difficulties involved in analog implementation can be avoided. Few 

of them are enumerated below. 

1. Probability of accuracy or drift can be removed. 

2. Easy to implement sophisticated algorithms. 

3. Easy to include logic and nonlinear functions. 

4. Reconfigurability of the controllers. 



HOW WAS THEORY DEVELOPED ?  

1. Sampling Theorem: Since all computer controlled systems operate at discrete times only, 

it is important to know the condition under which a signal can be retrieved from its values at 

discrete points. Nyquist explored the key issue and Shannon gave the complete solution 

which is known as Shannon’s sampling theorem. We will discuss Shannon’s sampling 

theorem in proceeding lectures.  

2. Difference Equations and Numerical Analysis: The theory of sampled-data system is 

closely related to numerical analysis. Difference equations replaced the differential equations 

in continuous time theory. Derivatives and integrals are evaluated numerically by 

approximating them with differences and sums.  

3. Transform Methods: Z-transform replaced the role of Laplace transform in continuous 

domain.  

4. State Space Theory: In late 1950’s, a very important theory in control system was 

developed which is known as state space theory. The discrete time representation of state 

models are obtained by considering the systems only at sampling points. 

ADVANTAGES OF DIGITAL SYSTEMS 

1. Ease of programmability 

The digital systems can be used for different applications by simply changing the program 

without additional changes in hardware. 

2. Reduction in cost of hardware 

The cost of hardware gets reduced by use of digital components and this has been possible 

due to advances in IC technology. With ICs the number of components that can be placed in a 

given area of Silicon are increased which helps in cost reduction. 

3. High speed 

Digital processing of data ensures high speed of operation which is possible due to advances 

in Digital Signal Processing. 

4. High Reliability 

Digital systems are highly reliable one of the reasons for that is use of error correction codes. 

5. Design is easy 

The design of digital systems which require use of Boolean algebra and other digital 

techniques is easier compared to analog designing. 

6. Result can be reproduced easily 

Since the output of digital systems unlike analog systems is independent of temperature, 

noise, humidity and other characteristics of components the reproducibility of results is 

higher in digital systems than in analog systems. 

 



MATHEMATICAL MODELING OF SAMPLING PROCESS

Sampling operation in sampled data and digital control system is used to model either the 

sample and hold operation or the fact that the signal is digitally coded. If the sampler is used 

to represent S/H (Sample and Hold) and A/D (Analog to Digital) operations, it may involve 

delays, finite sampling duration and quantization errors. On the other hand 

used to represent digitally coded data the model will be much simpler. Following are two 

popular sampling operations: 

1. Single rate or periodic sampling

2. Multi-rate sampling 

We would limit our discussions to periodic sampling only.

Finite pluse width sampler 

In general, a sampler is the one which converts a continuous time signal into a pulse 

modulated or discrete signal. The most common type of modulation in the sampling and hold 

operation is the pulse amplitude modulation.

The symbolic representation, block digram and operation of a sampler are shown in Figure
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Figure 1: Finite pulse with sampler : (a) Symbolic representation (b) Block diagram (c) 

Operation 

Frequency domain characteristics:

 

Since 	���  is a periodic function, it can be represented by a Fourier series, as

 

where 
� �	

�

�
  is the sampling frequency and

coefficients. 

since 	��� � 	1  for 0 � � � 	

Ideal Sampler: In case of an ideal sampler, the carrier signal is replaced by a train of unit 

impulses as shown in Figure 

instantaneous. 

Figure 1: Finite pulse with sampler : (a) Symbolic representation (b) Block diagram (c) 

Frequency domain characteristics:  

is a periodic function, it can be represented by a Fourier series, as

 

is the sampling frequency and Cn's are the complex Fourier series 

 

	  and 0 for rest of the period. 

case of an ideal sampler, the carrier signal is replaced by a train of unit 

 2. The sampling duration p approaches 0, i.e., its operation are 

 

Figure 1: Finite pulse with sampler : (a) Symbolic representation (b) Block diagram (c) 

is a periodic function, it can be represented by a Fourier series, as 

's are the complex Fourier series 

case of an ideal sampler, the carrier signal is replaced by a train of unit 

0, i.e., its operation are 



The output of an ideal sampler can be expressed as

One should remember that practically the output of a sampler is always followed by a hold 

device which is the reason behind the name sample and hold device. Now, the output of a 

hold device will be the same regardless the nature of the sampler and the attenuation 

factor p can be dropped in that case. Thus the sampling process can be be always 

approximated by an ideal sampler or impulse modulator.
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DATA RECONSTRUCTION

Most of the control systems have analog controlled processes which are inherently driven by 

analog inputs. Thus the outputs of a digital controller should first be converted into analog 

signals before being applied to the systems. Another way to look at the problem is that the 

high frequency components f(t)

pass filter or a data reconstruction device is necessary to perform this operation.

In control system, hold operation becames the most popular way of reconstruction due to its 

simplicity and low cost. Problem of data reconstruction can be fo
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data signal has to be formed based on the information available at past sampling instants. 

Suppose the original signal f(t)

to be estimated based on the values of

2)T.....0. 

Power series expansion is a well known method of generating the desired approximation 

which yields 

Since the only available information about

derivatives of f(t) must be estimated from

Zero Order Hold 

Higher the order of the derivatives to be estimated is, larger will be the number of delayed 

pulses required. Since time delay degrades the stability of a closed loop control system, using 

higher order derivatives of f(t)

DATA RECONSTRUCTION 

Most of the control systems have analog controlled processes which are inherently driven by 

g inputs. Thus the outputs of a digital controller should first be converted into analog 

signals before being applied to the systems. Another way to look at the problem is that the 

(t) should be removed before applying to analog 

pass filter or a data reconstruction device is necessary to perform this operation.

In control system, hold operation becames the most popular way of reconstruction due to its 

simplicity and low cost. Problem of data reconstruction can be formulated as:

, a continuous time signal

, is to be reconstructed from the information contained in the sequence.''

Data reconstruction process may be regarded as an extrapolation process since the continuous 

to be formed based on the information available at past sampling instants. 

(t) between two consecutive sampling instants

to be estimated based on the values of f(t) at previous instants of kT, i.e.,

Power series expansion is a well known method of generating the desired approximation 

Since the only available information about f(t) is its magnitude at the sampling instants, the 

must be estimated from the values of f(kT), as 

Higher the order of the derivatives to be estimated is, larger will be the number of delayed 

pulses required. Since time delay degrades the stability of a closed loop control system, using 

(t) for more accurate reconstruction often causes serious stability 

Most of the control systems have analog controlled processes which are inherently driven by 

g inputs. Thus the outputs of a digital controller should first be converted into analog 

signals before being applied to the systems. Another way to look at the problem is that the 

should be removed before applying to analog devices. A low 

pass filter or a data reconstruction device is necessary to perform this operation. 

In control system, hold operation becames the most popular way of reconstruction due to its 

rmulated as: `` Given a 

, a continuous time signal

, is to be reconstructed from the information contained in the sequence.'' 

Data reconstruction process may be regarded as an extrapolation process since the continuous 

to be formed based on the information available at past sampling instants. 

between two consecutive sampling instants kT and (k + 1)T is 

, i.e., (k - 1)T, (k - 

Power series expansion is a well known method of generating the desired approximation 

 

is its magnitude at the sampling instants, the 

 

Higher the order of the derivatives to be estimated is, larger will be the number of delayed 

pulses required. Since time delay degrades the stability of a closed loop control system, using 

for more accurate reconstruction often causes serious stability 



problem. Moreover a high order extrapolation requires complex circuitry and results in high 
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Advantages and Disadvantages 

• Improved sensitivity. 

• Use digital components. 

• Control algorithms easily 

modified. 

• Many systems inherently 

are digital. 

• Develop complex math 

algorithms. 

• Lose information during 

conversions due to 

technical problems. 

• Most signals continuous 

in nature. 

 



Digitization 

• The difference between the continuous and digital systems is that 

the digital system operates on samples of the sensed plant rather 

than the continuous signal and that the control provided by the 

digital controller D(s) must be generated by algebraic equations. 

• In this regard, we will consider the action of the analog-to-digital 

(A/D) converter on the signal. This device samples a physical signal, 

mostly voltage, and convert it to binary number that usually consists 

of 10 to 16 bits. 

• Conversion from the analog signal y(t) to the samples y(kt), occurs 

repeatedly at instants of time T seconds apart.  

• A system having both discrete and continuous signals is called 

sampled data system. 

• The sample rate required depends on the closed-loop bandwidth of 

the system. Generally, sample rates should be about 20 times the 

bandwidth or faster in order to assure that the digital controller will 

match the performance of the continuous controller. 

3 
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Digital Control System 
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Continuous Controller and Digital Control 

 

Gc(s) Plant 
R(t) y(t) 

Continuous Controller 

+ 

- 

A/D Digital 

Controller 

D/A and  

Hold 
Plant 

D/A 

+ 
- 

r(t) 

Digital Controller 

y(t) r(kT) p(t) 

m(t) m(kT) 
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Applications of Automatic Computer 

Controlled Systems 

• Most control systems today use digital computers 

(usually microprocessors) to implement the controllers). 

Some applications are: 

• Machine Tools 

• Metal Working Processes 

• Chemical Processes 

• Aircraft Control 

• Automobile Traffic Control 

• Automobile Air-Fuel Ratio 

• Digital Control Improves Sensitivity to Signal Noise.  
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Digital Control System 
• Analog electronics can integrate and differentiate signals. In order 

for a digital computer to accomplish these tasks, the differential 

equations describing compensation must be approximated by 

reducing them to algebraic equations involving addition, division, 

and multiplication. 

• A digital computer may serve as a compensator or controller in a 

feedback control system. Since the computer receives data only at 

specific intervals, it is necessary to develop a method for describing 

and analyzing the performance of computer control systems. 

• The computer system uses data sampled at prescribed intervals, 

resulting in a series of signals. These time series, called sampled 

data, can be transformed to the s-domain, and  then to the z-domain 

by the relation z = ezt. 

• Assume that all numbers that enter or leave the computer has the 

same fixed period T, called the sampling period. 

• A sampler is basically a switch that closes every T seconds for one 

instant of time. 
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Analog to Digital Conversion: Sampling 

 
An input signal is converted from continuous-varying 

physical value (e.g. pressure in air, or frequency or 

wavelength of light), by some electro-mechanical device 

into a continuously varying electrical signal. This signal has 

a range of amplitude, and a range of frequencies that can 

present. This continuously varying electrical signal may 

then be converted to a sequence of digital values, called 

samples, by some analog to digital conversion circuit.  

• There are two factors which determine the accuracy with which the 

digital sequence of values captures the original continuous signal: the 

maximum rate at which we sample, and the number of bits used in 

each sample. This latter value is known as the quantization level 
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Zero-Order Hold 

• The Zero-Order Hold block samples and holds its input 
for the specified sample period.  

• The block accepts one input and generates one output, 
both of which can be scalar or vector. If the input is a 
vector, all elements of the vector are held for the same 
sample period. 

• This device provides a mechanism for discretizing one or 
more signals in time, or resampling the signal at a 
different rate.  

• The sample rate of the Zero-Order Hold must be set to 
that of the slower block. For slow-to-fast transitions, use 
the unit delay block.  
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The z-Transform 
The z-Transform is used to take discrete time domain signals into a complex-

variable frequency domain. It plays a similar role to the one the Laplace 

transform does in the continuous time domain. The z-transform opens up new 

ways of solving problems and designing discrete domain applications. The z-

transform converts a discrete time domain signal, which is a sequence of real 

numbers, into a complex frequency domain representation. 
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Transfer Function of Open-Loop System 
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Closed-Loop Feedback Sampled-Data Systems 
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Now Let us Continue with the Closed-Loop System for the 

Same Problem 
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Stability 
• The difference between the stability of the continuous 

system and digital system is the effect of sampling rate 

on the transient response. 

• Changes in sampling rate not only change the nature of 

the response from overdamped to underdamped, but 

also can turn the system to an unstable. 

• Stability of a digital system can be discussed from two 

perspectives: 

• z-plane 

• s-plane 
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Stability Analysis in the z-Plane 

 
A linear continuous feedback control system is stable if all poles of the 

closed-loop transfer function T(s) lie in the left half of the s-plane. 

 

In the left-hand s-plane,   0; therefore, the related magnitude of z 

varies between 0 and 1. Accordingly the imaginary axis of the s-plane 

corresponds to the unit circle in the z-plane, and the inside of the unit 

circle corresponds to the left half of the s-plane. 

 

A sampled system is stable if all the poles of the closed-loop transfer 

function T(z) lie within the unit circle of the z-plane. 
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in chapter 3 (Routh criterion in the s-plane) .     






























































  )(      )  (

101                   0                      

)1(

2

)1(

1

1

1

1

1

1

1

   : ,  ,     :

2222

2222

22

z-planele of the  unit circinside theethe s-planofft halffor the le

yxyx

yx

y
j

yx

yx

jyx

jyx

jyx

jyx

z

z
js

thenjyxzjwsupposeProof







The Stability Analysis 

Unstable zone 

Critical stability 



0
368.0368.1

632.0
1)(1

2





zz

Kz
zG

Determine K for the stable system 

Solution: 

0)632.0736.2(264.16320      0
368.0368.1

632.0
1

2



 KsKs.

zz

Kz

K

KK.

nh criteriof the RoutIn terms o

632.0736.2

264.1

632.0736.26320

         :





We have:  0 <  K < 4.33 

1

1






s

s
zMake  

The Stability Analysis 



22 

Example: Stability of a closed-loop system 
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The Steady State Error Analysis 
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Steady State Error and System Type 
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Design of Digital Control Systems 

The Procedure: 

 

• Start with continuous system. 

• Add sampled-data system elements. 

• Chose sample period, usually small but not too small. 

Use sampling period T = 1 / 10 fB, where fB = B / 2 and 

B is the bandwidth of the closed-loop system. 

– Practical limit for sampling frequency: 20 ˂ s / B ˃40 

• Digitize control law. 

• Check performance using discrete model or SIMULINK. 
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Start with a Continuous Design 

D(s) may be given as an existing design or by using root 

locus or bode design. 

G(z) 
r(t) R(z) 

E(z) 

Y(z) 

Y(z) 

D(z) 
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Add Samples Necessary for Digital Control 

• Transform D(s) to D(z): We will obtain a discrete system 
with a similar behavior to the continuous one. 

 

• Include D/A converter, usually a zero-order-device. 

 

• Include A/D converter modeled as an ideal sampler. 

 

• And an antialiasing filter, a low pass filter, unity gain filter 
with a sharp cutoff frequency. 

 

• Chose a sample frequency based on the closed-loop 
bandwidth B  of the continuous system. 
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Closed-Loop System with Digital Computer Compensation 
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Compensation Networks (10.3; page 747) 
The compensation network, Gc(s) is cascaded with the unalterable process 

G(s) in order to provide a suitable loop transfer function Gc(s)G(s)H(s). 
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Closed-Loop System with Digital Computer Compensation 
There are two methods of compensator design:  

(1) Gc(s)-to-D(z) conversion method, and  

(2) Root locus z-plane method. 

 

 The Gc(s)-to-D(z) Conversion Method 
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The Frequency Response 

The frequency response of a system is defined as the 

steady-state response of the system to a sinusoidal input 

signal.   

The sinusoid is a unique input signal, and the resulting 

output signal for a linear system, as well as signals 

throughout the system, is sinusoidal in the steady-state; it 

differs form the input waveform only in amplitude and 

phase. 
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Phase-Lead Compensator Using Frequency Response 
 

A first-order phase-lead compensator can be designed using the frequency 

response. A lead compensator in frequency response form is given by  

 

 

 

 

 

In frequency response design, the phase-lead compensator adds positive phase to 

the system over the frequency range. A bode plot of a phase-lead compensator 

looks like the following  
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Phase-Lead Compensator Using Frequency Response 

 

Additional positive phase increases the phase margin and 

thus increases the stability of the system. This type of 

compensator is designed by determining alfa from the 

amount of phase needed to satisfy the phase margin 

requirements.  

 

Another effect of the lead compensator can be seen in the 

magnitude plot. The lead compensator increases the gain of 

the system at high frequencies (the amount of this gain is 

equal to alfa. This can increase the crossover frequency, 

which will help to decrease the rise time and settling time of 

the system.  
 



Phase-Lag Compensator Using Root Locus 
 

A first-order lag compensator can be designed using the root locus. A lag 

compensator in root locus form is given by  

 

 

 

 

 

where the magnitude of z is greater than the magnitude of p. A phase-lag 

compensator tends to shift the root locus to the right, which is undesirable. For this 

reason, the pole and zero of a lag compensator must be placed close together 

(usually near the origin) so they do not appreciably change the transient response 

or stability characteristics of the system.  

  

When a lag compensator is added to a system, the value of this intersection will be 

a smaller negative number than it was before. The net number of zeros and poles 

will be the same (one zero and one pole are added), but the added pole is a 

smaller negative number than the added zero. Thus, the result of a lag 

compensator is that the asymptotes' intersection is moved closer to the right half 

plane, and the entire root locus will be shifted to the right.  

Gc s( )
s z( )

s p( )



Lag or Phase-Lag Compensator using Frequency Response 

 
A first-order phase-lag compensator can be designed using the frequency 

response. A lag compensator in frequency response form is given by  

 

  

 

 

The phase-lag compensator looks similar to a phase-lead compensator, except 

that a is now less than 1. The main difference is that the lag compensator adds 

negative phase to the system over the specified frequency range, while a lead 

compensator adds positive phase over the specified frequency. A bode plot of a 

phase-lag compensator looks like the following  
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Example: Design to meet a Phase Margin Specification 
Based on Chapter 10 (Dorf): Example 13.7 
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The Root Locus of Digital Control Systems 
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Design of a Digital Controller 
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Example: Design of a digital compensator 
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P13.10 Dorf 
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P13.11 Dorf 
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