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OBIJECTIVES:

The main objectives of the course are:

1. Coverage of continuous and discrete-time signals and representations and methods that
is necessary for the analysis of continuous and discrete-time signals.
2. Knowledge of time-domain representation and analysis concepts as they relate to
difference equations, impulse response and convolution, etc.
3. Knowledge of frequency-domain representation and analysis concepts using Fourier
analysis tools, Z-transform.
4. Concepts of the sampling process.
5. Mathematical and computational skills needed in application areas like communication,
signal processing and control, which will be taught in other courses.
UNIT I
INTRODUCTION TO SIGNALS: Elementary Signals- Continuous Time (CT) signals, Discrete Time
(DT) signals, Classification of Signals ,Basic Operations on signals,.
FOURIER SERIES: Representation of Fourier series, Continuous time periodic signals, Dirichlet’s
conditions, Trigonometric Fourier Series, Exponential Fourier Series, Complex Fourier spectrum.
UNIT Il
FOURIER TRANSFORMS: Deriving Fourier transform from Fourier series, Fourier transform of
arbitrary signal, Fourier transform of standard signals, Fourier transform of periodic signals,
Properties of Fourier transforms.
SAMPLING: Sampling theorem - Graphical and analytical proof for Band Limited Signals,
impulse sampling, Natural and Flat top Sampling, Reconstruction of signal from its samples,
effect of under sampling — Aliasing.
UNIT IlI:
SIGNAL TRANSMISSION THROUGH LINEAR SYSTEMS: Introduction to Systems, Classification of
Systems, Linear Time Invariant (LTI) systems, impulse response, Transfer function of a LTI
system. Filter characteristics of linear systems. Distortion less transmission through a system,
Signal bandwidth, System bandwidth, Ideal LPF, HPF and BPF characteristics
UNIT IV:
CONVOLUTION AND CORRELATION OF SIGNALS: Concept of convolution in time domain, Cross
correlation and auto correlation of functions, properties of correlation function, Energy density
spectrum, Parseval’s theorem, Power density spectrum, Relation between convolution and
correlation
UNIT V:
LAPLACE TRANSFORMS: Review of Laplace transforms, Inverse Laplace transform, Concept of
region of convergence (ROC) for Laplace transforms, Properties of L.T’s relation between L.T’s,
and F.T. of a signal.
Z-TRANSFORMS: Concept of Z- Transform of a discrete sequence. Distinction between Laplace,
Fourier and Z transforms, Region of convergence in Z-Transform, Inverse Z- Transform,
Properties of Z-transforms.
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OUTCOMES:
After completion of the course, the student will be able to:

1. Represent any arbitrary signals in terms of complete sets of orthogonal functions and
understands

2. Arbitrary signal (discrete) as Fourier transform to draw the spectrum.

Concepts of auto correlation and cross correlation and power Density Spectrum.

4. For a given system, response can be obtained using Laplace transform, properties and
ROC of L.T.

5. Study the continuous and discrete signal relation and relation between F.T., L.T. & Z.T,
properties, ROC of Z Transform

w



SIGNALS AND SYSTEMS OVERVIEW

What is Signal?
Signal is a time varying physical phenomenon which is intended to convey information.
OR
Signal is a function of time.
OR
Signal is a function of one or more independent variables, which contain some information.
Example: voice signal, video signal, signals on telephone wires etc.

Note: Noise is also a signal, but the information conveyed by noise is unwanted hence itis
considered as undesirable.
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What is System?

System is a device or combination of devices, which can operate on signals and produces

corresponding response. Input to a system is called as excitation and output from it is called as

response.
For one or more inputs, the system can have one or more outputs.

Example: Communication System

Input  «—— __» Output
Or <«—— System [— or
Excitation <] — > Response
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SIGNALS CLASSIFICATION

Signals are classified into the following categories:
e Continuous Time and Discrete Time Signals
¢ Deterministic and Non-deterministic Signals
¢ Even and Odd Signals
e Periodic and Aperiodic Signals
e Energy and Power Signhals

¢ Real and Imaginary Signals
Continuous Time and Discrete Time Signals
A signal is said to be continuous when it is defined for all instants of time.

Amplitude

A signal is said to be discrete when it is defined at only discrete instants of time/

A

1 1,

l discrete time

Deterministic and Non-deterministic Signals
A signal is said to be deterministic if there is no uncertainty with respect to its value at any instant

of time. Or, signals which can be defined exactly by a mathematical formula are known as
deterministic signals.

x(t)
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A signal is said to be non-deterministic if there is uncertainty with respect to its value at some
instant of time. Non-deterministic signals are random in nature hence they are called random

signals. Random signals cannot be described by a mathematical equation. They are modelled in
probabilistic terms.
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Even and Odd Signals
A signal is said to be even when it satisfies the condition xt = x—t
Example 1: t2, t4... cost etc.

Let xt = t2

x—t=—12=12=xt

."., t2 is even function

Example 2: As shown in the following diagram, rectangle function xt = x—t so itis also even
function.

X(t)
A

-T/2 T/2 t

A signal is said to be odd when it satisfies the condition xt = -x—t
Example: t, t3 ... Andsint

Letxt =sint

x—t =sin—t = -sint = -xt

."., sin tis odd function.



Any function ft can be expressed as the sum of its even function fet and odd function fut.
f(t) = felt) + folt)
where
fe(t) = 2[f(t) +f(-t)]
Periodic and Aperiodic Signals
A signal is said to be periodic if it satisfies the condition xt = xt + T or xn = xn + N.
Where

T = fundamental time period,

1/T = f = fundamental frequency.
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The above signal will repeat for every time interval Tg hence it is periodic with period Tyg.

Energy and Power Signals

A signal is said to be energy signal when it has finite energy.

Energy E = / z? (t)dt
—00

A signal is said to be power signal when it has finite power.
1 T

Power P = lim — / z?(t)dt
T—o00 2T -T

NOTE:A signal cannot be both, energy and power simultaneously. Also, a sighal may be neither
energy nor power signal.

Power of energy signal = 0

Energy of power sighal = «

Real and Imaginary Signals
A signal is said to be real when it satisfies the condition xt = x*t
A signal is said to be odd when it satisfies the condition xt = -x*t
Example:

If xt= 3 then x*t=3*=3 here xt is a real signal.

If xt= 3j then x*t=3j* = -3j = -xt hence xt is a odd signal.



Note: For a real signal, imaginary part should be zero. Similarly for an imaginary signal, real part
should be zero.



SIGNALS BASIC TYPES

Here are a few basic signals:

Unit Step Function

. o . _ 1 t>0
Unit step function is denoted by ut. It is defined as ut =
t<0
Ut
u()
1
0 t

e |tis used as best test signal.

¢ Area under unit step function is unity.

Unit Impulse Function

1 t=0
Impulse function is denoted by 6%. and it is defined as 6t = { 20
5(t)
M
1
0 t
o0
/‘5@ﬁ:u@
—00
du(t
sty — 0
dt
Ramp Signal
. . i . t t=0
Ramp signal is denoted by rt, and itis defined as rt =
0 t<0

i
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Area under unit ramp is unity.

Parabolic Signal

o . /2 t>0
Parabolic signal can be defined as xt =
0 t<0
. X(t)
0 K
t2
// u(t)dt = /r(t)dt = /tdt =5 = parabolicsignal
d?z(t)
= u(t) =
) =—
dx(t)
= r(t) =
(t) =~
Signum Function
1 t>0
Signum function is denoted as sgnt. It is defined as sgnt = 0 t=0
-1 t<0
A sgn(t)
1



sgnt = 2ut -1

Exponential Signal

Exponential signal is in the form of xt = e°*.

The shape of exponential can be defined by «a.
Caseitifa=0—xt=€e"=1

y X(1)

Case ii: if & < 0 i.e. -ve then xt = e . The shape is called decaying exponential.

+X(1)

N

¥-\_‘-\—_'_‘_‘—'—-—._

Case iii: if & > 0 i.e. +ve then xt = €. The shape is called raising exponential.

4 X(t}

LS

t
Rectangular Signal
Let it be denoted as xt and it is defined as
x(f) = A rect [i] ex: 4 rect [:]
T 6
A X(t) a X(t)
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Triangular Signal

Let it be denoted as xt

|| I
x(N=Al- = x()=A|1-
(0 [ . ex: x(1) 5
X(t) X(t)
Fal A
A, A
> >
T T t 3 5 t
Sinusoidal Signal
Sinusoidal signal is in the form of xt = A cos$wy =+ ¢$ or A sin$wy + ¢$
AX(t)
— /’ "\ |, JI/ "\\ llllf_.-" \\'\
/ / \ [\ /o
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Where Tg = In
Wy
Sinc Function
Itis denoted as sinct and it is defined as sinc
sinmt

t) =
(t)=—
= 0fort = &1, 42, +3...

Smc{t}

WO
A 3\//" N7/ 3 \/\ and




Sampling Function
Itis denoted as sat and it is defined as

sint
t
=0 fort = +m, £27, +3m...

sa(t) =

Sal(t)
-+

A, /\ 7// A A
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SIGNALS BASIC OPERATIONS

There are two variable parameters in general:

1. Amplitude
2. Time

The following operation can be performed with amplitude:

Amplitude Scaling

C xt is a amplitude scaled version of xt whose amplitude is scaled by a factor C.
A2 x(t)

0.5 x (t)
X a | A

Addition

Addition of two signals is nothing but addition of their corresponding amplitudes. This can be best
explained by using the following example:

X1 (t)
F.
1
- >
3 3 t
4
F.
2 . x2 (t)
10 e
AZIt
3 z(t)
72 — | L
* ¢
10 -3 3 10

As seen from the diagram above,
-10 <t<-3amplitudeofzt = x1t + x2t =0+2=2
-3<t<3amplitudeofzt =x1t + x2t =1+2 =3
3<t<l0amplitudeofzt =x1t + x2t =0+2=2
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Subtraction

subtraction of two signals is nothing but subtraction of their corresponding amplitudes. This can be
best explained by the following example:

X1 (t)
o
1
>t
_3 3
M
2 x2 (t)
| | | } t
-10 10
sz
| >
-10 T | +3 10

As seen from the diagram above,
-10 <t<-3amplitudeofzt =x1t-x2t =0-2=-2
-3<t<3amplitudeofzt =x1t-x2t =1-2=-1
3<t<1l0amplitudeofzt =x1t + x2t =0-2 =-2

Multiplication

Multiplication of two signals is nothing but multiplication of their corresponding amplitudes. This
can be best explained by the following example:

X1 (t)
~
1
l >
_3 3 t
+
.
> x2 (t)
-10 10 >t
5 Az ()
> ¢
-10 -3 3 10




As seen from the diagram above,

-10 <t<-3amplitudeof zt = x1t xx2t =0%x2=0

-3<t<3amplitudeofzt = x1t xx2t =1 x2 =2

3<t<1l0amplitudeofzt =x1t x x2t =0x2=0

The following operations can be performed with time:

Time Shifting

x(t $\pm$ tp) is time shifted version of the signal xt.

X (t + tg) — negative shift

X (t - tg) — positive shift

x(t)

x(t -tq) |

A\

x(t +t) |

Time Scaling

W

W

xAt is time scaled version of the signal xt. where A is always positive.

|A] > 1 — Compression of the signal

|A] < 1 — Expansion of the signal

X(t)

x(2t)

x(t/2)

W

-2 2

W

-4

Note: uat = ut time scaling is not applicable for unit step function.

Time Reversal

x—t is the time reversal of the signal xt.

x(t)

W

x(-t)

W






FOURIER SERIES

Jean Baptiste Joseph Fourier,a French mathematician and a physicist; was born in Auxerre,
France. He initialized Fourier series, Fourier transforms and their applications to problems of heat
transfer and vibrations. The Fourier series, Fourier transforms and Fourier's Law are named in his
honour.

Jean Baptiste Joseph Fourier 21 March1768—16 May1830

Fourier series

To represent any periodic signal xt, Fourier developed an expression called Fourier series. This is
in terms of an infinite sum of sines and cosines or exponentials. Fourier series uses orthoganality
condition.

Fourier Series Representation of Continuous Time Periodic Signals

A signal is said to be periodic if it satisfies the conditionxt =xt+ T orxn=xn+ N.

Where T = fundamental time period,

wo= fundamental frequency = 2w/T
There are two basic periodic signals:
z(t) = coswyt sinusoidal &
z(t) = e/t complexexponential
These two signals are periodic with period T' = 271'/w0 .

A set of harmonically related complex exponentials can be represented as {qﬁk(t)}

o (t) = {e™t) = [F(T) Y wherek =0+ 1, +2..710 ..... (1)

All these signals are periodic with period T

According to orthogonal signal space approximation of a function x £ with n, mutually orthogonal
functions is given by
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o0
= g ay,kelot
k=—o0

Where aj, = Fourier coefficient = coefficient of approximation.
This signal xt is also periodic with period T.
Equation 2 represents Fourier series representation of periodic signal xt.

The term k = 0 is constant.

The term k = 41 having fundamental frequency wy, is called as 15t harmonics.

The term k = £2 having fundamental frequency 2wy, is called as 2"d harmonics, and so on...
The term k = 4+n having fundamental frequency nw0, is called as nth harmonics.
Deriving Fourier Coefficient

We know that z(t) = £ aze™t. .. . (1)

Multiply e~ 9%t on both sides. Then

Cll(t) —jnwot __ § ' ay ejkwot e —jnwyt

k=—0o0

Consider integral on both sides.

T T oo
/ w(t)ejkw@tdt:/ Z aj e/t eminwt gy
0 0

k=—o0

/ Zaejknwot dt

k=—0o0

T 00 T
/ z(t)el ot dt = Z ak/ ellh=mwot gg ... (2)
0 k=—o00 0

by Euler's formula,

T T T
/ ellk—n)wnt gy — / cos(k — n)wydt + j/ sin(k — n)wyt dt
0 0 0

T
/ eI k=nJwot gt — T k=n
0 0 k#n

Hence in equation 2, the integral is zero for all values of k exceptat k = n. Putk = n in equation 2.



Replace n by k.

= / (t)e 7"t dt = a, T

— _/ —jnwotdt

IR
=0 =7 / e ot gt
0

00
_ E ' akej(k—n)wot

k=—00

1t
wherea;, = T / eIt gt
0



FOURIER SERIES PROPERTIES

These are properties of Fourier series:
Linearity Property

/ fourier series coefficient fourier series coefficient .

If 2(t) < > fan &Y(t) < > fum

then linearity property states that

) fourier series coefficient

aa(t) + by(t) < @ fon b fn

Time Shifting Property

/ fourier series coefficient .

If 2(t) < > fan

then time shifting property states that

fourier series coefficient .
l4

z(t — to) 4 eIt fo,

Frequency Shifting Property

fourier series coefficient
If z(t) < >

N ’ fam

then frequency shifting property states that

oot fourier series coefficient
e/t CB(t) < > f:v(n—no)

Time Reversal Property

) fourier series coefficient .

If z(t) < > fan

then time reversal property states that

/ fourier series coefficient

|f:13(—t) < > ffam

Time Scaling Property

/ fourier series coefficient .

If .’E(t) < > fan

then time scaling property states that

) fourier series coefficient .

If il)((lt) < 7 fwn

Time scaling property changes frequency components from wy to awy.

Differentiation and Integration Properties

/ fourier series coefficient .

If () < > fan
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then differentiation property states that

dz(t) ) fourier series coefficient o
dt N 7 JIo- f n

If

& integration property states that

If fZE ( t) dt < fourier series coef ficient> fon

Jnwo
Multiplication and Convolution Properties

if ( t) ) fourier series coefficient ) fourier series coefficient .

¢ > fan & Y(t) 4 > fum

then multiplication property states that

LE(t) . y(t) <fmu“ier series coefficient> ngm N fyn

& convolution property states that

) fourier series coefficient

z(t) * y(t) 4 > T fon- fim

Conjugate and Conjugate Symmetry Properties

) fourier series coefficient .

If 2(t) < > fan

Then conjugate property states that

/ fourier series coefficient

x * (t) < > f *am

Conjugate symmetry property for real valued time signal states that

f *zn = f—mn

& Conjugate symmetry property for imaginary valued time signal states that

f *n = _ffar;n



FOURIER SERIES TYPES

Trigonometric Fourier Series TF'S

sin nwyt and sin mwyt are orthogonal over the interval (ty, ¢y + i—’;) . So sinwyt, sin 2wyt forms

an orthogonal set. This set is not complete without {cos nwyt } because this cosine set is also
orthogonal to sine set. So to complete this set we must include both cosine and sine terms. Now
the complete orthogonal set contains all cosine and sine terms i.e. {sin nwyt, cos nwyt } where
n=0,1,2..

.. Any function xt in the interval (to, ¢y + %”n) can be represented as

z(t) = ag cos 0wyt + a; cos lwyt + ap cos 2wyt+. . . +a, cos nwot+. ..
~+bp sin Owgt + by sin lwyt+. .. +b, sin nwot+. ..
= ag + a; cos lwyt + ay cos 2wyt+. . . +a, cosnwyt+. ..
+by sin lwpt+-. . . +b, sinnwpt+. . .

o
coz(t) =ag + Z(an cos nwot + by, sinnwet) (tg <t <ty +7T)

n=1

The above equation represents trigonometric Fourier series representation of xt.

to+T
a(t) - 1dt 04T
Where ag = ftﬂTi -1 / 2(t)dt
ST 12a T J,

f;ﬁT z(t) - cos nwot dt
= 7

f;”T cos? nuwyt dt

ft;ﬂ T 2(t) - sin nwot dt

‘[Z’JFT sin® nwot dt

n

to+T to+T T
Here / cos? nwyt dt = / sin? nwot dt = 5

ty to
2 to+T
R / z(t) - cos nwot dt
T ty
2 to+T
b, = — / z(t) - sinnwot dt
T J

Exponential Fourier Series EF'S

Consider a set of complex exponential functions {ej”“’”t} (n=0,+1, i2‘..) which is orthogonal
over the interval (tg,tg + T) .Where T' = Qw—’u' . This is a complete set so it is possible to represent
any function ft as shown below

f(t) = Fy + Fret + Fye?ut 4 4+ F, et ..
F et + F ye 2ty 4 F e ity

Lf)= > Bt (g <t<ty+T)....... (1)

Equation 1 represents exponential Fourier series representation of a signal ft over the interval (to,
to+T). The Fourier coefficient is given as

S ey dt

J;t0+T enwot (ejnwut)*dt
0

n

ftZO*T F(t)e et

j;tﬁ’T e~ Jnwot ginwot ¢
0

to+T — jnw,t T
_ j;o f(t)e ot dt _ l ty+ f(t)e*]'"wntdt

ST at T Jy
1 to+T .
“F,=— / f(t)eimotdt
T J;,

Relation Between Trigonometric and Exponential Fourier Series
Consider a periodic signal xt, the TFS & EFS representations are given below respectively
z(t) = ag + X, (a, cosnwyt + b, sinnwgt). ... 1)
z(t) = B2 _ JFp et

=Fy+ Fiet + Fyel®at . 4 F,eft .

F e it  F ye 2ty 4+ F ety

= Fy + Fi(coswyt + jsinwgt) + Fy(cos2wpt + jsin 2wpt)+. .. +F, (cosnwyt + jsinnwyt)+. .. +F_1(coswyt — jsinwyt) + F_o(cos 2wyt — jsin 2wot)+. .. +F_, (cos nwot — jsin nwot)+. ..
=F + (F1 + F_1) coswpt + (Fy + F_5) cos 2wot+. .. +j(Fy — F_1) sinwgt + j(Fy — F_5) sin 2wpt+. ..
nz(t) = Fy + 322, (B + F_p) cosnuwot + j(F, — F_p,) sinnawgt). ... (2)
Compare equation 1 and 2.
a =F
a, =F, +F_,
by = j(Fn — F-p)

Similarly,
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F, = 3(an — jbn)
F

_1 .
n = g(an + jbn)



FOURIER TRANSFORMS

The main drawback of Fourier series is, itis only applicable to periodic signals. There are some
naturally produced signals such as nonperiodic or aperiodic, which we cannot represent using
Fourier series. To overcome this shortcoming, Fourier developed a mathematical model to
transform signals between time orspatial domain to frequency domain & vice versa, which is
called 'Fourier transform'.

Fourier transform has many applications in physics and engineering such as analysis of LTI
systems, RADAR, astronomy, signal processing etc.

Deriving Fourier transform from Fourier series

Consider a periodic signal ft with period T. The complex Fourier series representation of ft is given
as

Let TL = Af, then equation 1 becomes
0

ft) =320 apel?™Art (2)

but you know that

to+T ik
ay = TLO o ft)e Jheot

Substitute in equation 2.

2= f(t) =32 1{0 D £(4)e ket Jt gi2mkAft

Letty = %

T

— Eoo —j27rkAft dt] ej27rkAft ) Af

M|HM

In the limitas T' — oo, Af approaches differential df, kA f becomes a continuous variable f,
and summation becomes integration

T
f(t) =limp_o { 2° 2 f(t)e I2mRATE q¢) eI2TRASE A f
k=—o0 T

= [1f e prragera
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)= [ Ploled

o0

Where Flw] = [ f(t)e 2™ dt]
Fourier transform of a signal

#it) = Flol = | " (e

Inverse Fourier Transform is

ﬂ@:[%pma%m

0@

Fourier Transform of Basic Functions

Let us go through Fourier Transform of basic functions:

FT of GATE Function

X (t)

FT of Impulse Function
FT(w(t)] = [, 6(t)e " di
—e M |t=0
=l =1
So(w) =1
FT of Unit Step Function:
U(w) = m8(w) + 1/



FT of Exponentials
F.T
e ®u(t) «— 1/(a + jw)

e~tu(t) ¢ 1/(a + jw)

FT of Signum Function

F.T
sgn(t) «+— =

jw
Conditions for Existence of Fourier Transform

Any function ft can be represented by using Fourier transform only when the function satisfies
Dirichlet’s conditions. i.e.

e The function ft has finite number of maxima and minima.
e There must be finite number of discontinuities in the signal ft,in the given interval of time.

e It must be absolutely integrable in the given interval of time i.e.

[ 1 £(®)]dt < oo






FOURIER TRANSFORMS PROPERTIES

Here are the properties of Fourier Transform:

Linearity Property

If 2(t) 4o X(w)

& y(t) < Y(w)

Then linearity property states that
az(t) + by(t) 4 aX(w) + bY (w)
Time Shifting Property

Ifa(t) 60 X(w)

Then Time shifting property states that
2t — t) s eIt X(w)
Frequency Shifting Property
If 2(f) 4 X(w)

Then frequency shifting property states that
el z(t) Julia X(w — wp)

Time Reversal Property

If 2(t) 4o X(w)

Then Time reversal property states that

2(—t) 405 X(~w)

Time Scaling Property
F.T
If 2(t) +— X(w)
Then Time scaling property states that

x(at)i'Xﬂ

A

Differentiation and Integration Properties

If a(t) 42 X(w)

Then Differentiation property states that
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dz FT |
dtﬂ Jw. X(w)

drz(t)y BT .

and integration property states that

Ja(t)dt < L X(w)

(- Ja(t) dt <= —L-X(w)
Multiplication and Convolution Properties
If 2(t) 4o X(w)

& y(t) &2 Y(w)

Then multiplication property states that

2(t). y(t) 4= X(w) * Y(w)

and convolution property states that

2() * y() = L X(w). Y(w)



SIGNALS SAMPLING THEOREM

Statement: A continuous time signal can be represented in its samples and can be recovered
back when sampling frequency fg is greater than or equal to the twice the highest frequency

component of message signal. i. e.

fs S 2fm-

Proof: Consider a continuous time signal xt. The spectrum of xt is a band limited to f,, Hz i.e. the
spectrum of xt is zero for |[W|>Wm.

Sampling of input signal xt can be obtained by multiplying xt with an impulse train 6t of period Ts.
The output of multiplier is a discrete signal called sampled signal which is represented with yt in
the following diagrams:

 xm
x(t)
—> T
= __| multiplier —
5(t) y(t)
a(1) YO
Ts2Ts
-l ;
-2Ts -Ts  Ts 2Ts t 4’1“1*
A Y({JJI}
X(w)
W /v
-Ws 0 Ws 2 ’

Here, you can observe that the sampled signal takes the period of impulse. The process of
sampling can be explained by the following mathematical expression:

Sampled signal y(t) = z(¢).(¢) ... ... (1)
The trigonometric Fourier series representation of dt is given by

§(t) = ap + X2, (ay, cosnwst + b, sinnwgt) ... ... (2)

Where ag = Ti fi i(t)dt = %5(0) =1

T
a, = T% fé 8(t) cos nw, dt = T%J(O) cos nws0 = %


http://www.tutorialspoint.com/signals_and_systems/signals_sampling_theorem.htm

b, = T% fé d(t) sin nw, tdt = %5(0) sin nw;0 = 0
Substitute above values in equation 2.
L 0(t) = TLS - E;’lO:l(T% cos nwst + 0)
Substitute 6% in equation 1.
5 y(t) = 2(b). 8(t)

= .'Iz(t)[TL + 2;’10:1(% cos nw;t)]

Tis [z(t) + 2550 (cos nw,t)z(t)]

y(t) = TL [(t) + 2 coswst. ¢(t) + 2 cos 2w, t. (t) + 2 cos 3wst. z(t) ... ... ]
Take Fourier transform on both sides.

Y(w) = TL[X(w) + X(w—ws) + X(w+ ws) + X(w— 2ws) + X(w+ 2ws )+ ... ]

©Y(w) = T%E%O:_OOX(CU — nwy) where n =0,+1,+2,...

To reconstruct xt, you must recover input signal spectrum Xw from sampled signal spectrum Yw,
which is possible when there is no overlapping between the cycles of Yw.

Possibility of sampled frequency spectrum with different conditions is given by the following
diagrams:

. Y(m)
fs > 2fm
/\ / /\ over sampling
== 0 Ws 2ws ’
M Y{UJ}
fs = 2fm
perfect sampling
-lhs 0 Ws 2w ’
A Y(m)
fs < Efm
under sampling
~(W= 0 Ws 2ws f

Aliasing Effect

The overlapped region in case of under sampling represents aliasing effect, which can be



removed by
e considering fg >2fy,

e By using anti aliasing filters.



SIGNALS SAMPLING TECHNIQUES

There are three types of sampling techniques:
e Impulse sampling.
¢ Natural sampling.
¢ Flat Top sampling.

Impulse Sampling

Impulse sampling can be performed by multiplying input signal xt with impulse train
2%02_005(15 — nT) of period 'T'. Here, the amplitude of impulse changes with respect to amplitude
of input signal xt. The output of sampler is given by

T y(t)

ARG

X(t)

y(t) = x(t) X impulse train
= z(t) X TG _,6(t — nT)
y(t) = ys(t) = ¥ _z(nt)é(t —nT)... ... 1
To get the spectrum of sampled signal, consider Fourier transform of equation 1 on both sides
V(w) = 232 o X(w — nwy)

This is called ideal sampling or impulse sampling. You cannot use this practically because pulse
width cannot be zero and the generation of impulse train is not possible practically.

Natural Sampling

Natural sampling is similar to impulse sampling, except the impulse train is replaced by pulse train
of period T. i.e. you multiply input signal xt to pulse train 352, P(t — nT') as shown below

+ F 3

x(t) y(t)

S O 1 e 1 1Y

The output of sampler is

y(t) = z(t) X pulse train

z(t) x p(t)

z(t) x B2 P(t—nT)... ... (1)
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The exponential Fourier series representation of pt can be given as
p(t) =X et .. (2)

— Ego:_oaneﬂwnfst
T .
Where F,, = %fi p(t)e Imstdt
2

— %(nws)

Substitute Fp, value in equation 2
L p(t) = T2 o7 Pnw, ) et

= %E%OZ_OOP(an)ej”wst
Substitute pt in equation 1
y(t) = z(t) X p(t)

=x(t) x %E;?LO:_OOP(nws) eInwst

) = 25 P(n)(t)
To get the spectrum of sampled signal, consider the Fourier transform on both sides.
F.T[y(t)] = F.T[£352 _ooP(nw;) z(t) ]

= 2352 P(nwy) F. T [x(t) e™]
According to frequency shifting property

F.T[z(t) ™! = X|w — nw,]

| Yw] = 252 o P(nws) X[w — nuw]

Flat Top Sampling

During transmission, noise is introduced at top of the transmission pulse which can be easily
removed if the pulse is in the form of flat top. Here, the top of the samples are flati.e. they have
constant amplitude. Hence, it is called as flat top sampling or practical sampling. Flat top sampling
makes use of sample and hold circuit.

Ed A

x(t) y(t)

Theoretically, the sampled signal can be obtained by convolution of rectangular pulse pt with
ideally sampled signal say yst as shown in the diagram:




T2 TI2 *llll*

To get the sampled spectrum, consider Fourier transform on both sides for equation 1

Yiw] = F.T[P(t) x ys(t)]

By the knowledge of convolution property,
Y{w] = P(w) Y5(w)
Here P(w) = TSa(%) = 2sinwT/w

Nyquist Rate

Itis the minimum sampling rate at which signal can be converted into samples and can be
recovered back without distortion.

Nyquist rate fy = 2f, hz

L - 1 seconds.

Nyquist interval = N T am
Samplings of Band Pass Signals

In case of band pass signals, the spectrum of band pass signal X[w] = 0 for the frequencies outside
the range f1 = f = f5. The frequency f; is always greater than zero. Plus, there is no aliasing effect
when fg > 2f,. But it has two disadvantages:

e The sampling rate is large in proportion with f5. This has practical limitations.

e The sampled signal spectrum has spectral gaps.

To overcome this, the band pass theorem states that the input signal xt can be converted into its
samples and can be recovered back without distortion when sampling frequency fg < 2f5.

Also,
1 2fy
fs = 7 T
T m
Where m is the largest integer < f—];
and B is the bandwidth of the signal. If f,=KB, then
f 1 _2KB
T m

For band pass signals of bandwidth 2fy, and the minimum sampling rate fg= 2 B = 4f,,

the spectrum of sampled signal is given by Y[w| = %2?10:_00 X|w — 2nB]



SYSTEMS CLASSIFICATION

Systems are classified into the following categories:

e Liner and Non-liner Systems
e Time Variant and Time Invariant Systems
e Liner Time variant and Liner Time invariant systems
e Static and Dynamic Systems
e Causal and Non-causal Systems
e Invertible and Non-Invertible Systems
¢ Stable and Unstable Systems
Liner and Non-liner Systems

A system is said to be linear when it satisfies superposition and homogenate principles. Consider
two systems with inputs as x3t, xot, and outputs as y1t, y>t respectively. Then, according to the

superposition and homogenate principles,
T[ag X1t + az xot] = a3 TIx1t] + a» T[xyt]
o Tlag xit + ag xpt] = ag yit + az yat

From the above expression, is clear that response of overall system is equal to response of
individual system.

Example:
t =x%t
Solution:
y1t=TIxat] = x1%¢
y2 t = Txat] = xp%t
Tlag x1t + a» xot] =[ay x1t + an xpt]?

Which is not equal to a7 y1t + as yot. Hence the system is said to be non linear.

Time Variant and Time Invariant Systems

A system is said to be time variant if its input and output characteristics vary with time. Otherwise,
the system is considered as time invariant.

The condition for time invariant system is:
yn,t=yn—1t

The condition for time variant system is:
yn,t#yn —t

Where yn,t = T[xn — t] = input change
y n — t = output change

Example:
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yn = x—mn
yn,t =Txn —t]l=x—n —t

yn —t=x—(n—t)=x—n-+t

c.yn,t #yn — t. Hence, the system is time variant.

Liner Time variant L7V and Liner Time Invariant LT'] Systems

If a system is both liner and time variant, then it is called liner time variant LTV system.

If a system is both liner and time Invariant then that system is called liner time invariant LT'1
system.

Static and Dynamic Systems

Static system is memory-less whereas dynamic system is a memory system.
Example 1: yt = 2 xt

For present value t=0, the system output is y0 = 2x0. Here, the output is only dependent upon
present input. Hence the system is memory less or static.

Example 2: yt =2 xt + 3xt — 3
For present value t=0, the system output is y0 = 2x0 + 3x—3.

Here x—3 is past value for the present input for which the system requires memory to get this
output. Hence, the system is a dynamic system.

Causal and Non-Causal Systems

A system is said to be causal if its output depends upon present and past inputs, and does not
depend upon future input.

For non causal system, the output depends upon future inputs also.

Example 1: yn =2 xt + 3 xt — 3

For present value t=1, the system outputis yl = 2x1 + 3x—2.

Here, the system output only depends upon present and past inputs. Hence, the system is causal.
Example 2: yn =2 xt + 3xt — 3 + 6xt + 3

For present value t=1, the system outputis yl = 2x1 + 3x—2 + 6x4 Here, the system output
depends upon future input. Hence the system is non-causal system.

Invertible and Non-Invertible systems

A system is said to invertible if the input of the system appears at the output.

X(t) y(t) = x(t)

. . hz(t) .
h(t) Invertible System

YS = XS HLS H2S

- L1 - -
= XS H1S 15 Since H2S = 1/H1(S )

S, YS=XS



— vyt =xt
Hence, the system is invertible.

If yt # xt, then the system is said to be non-invertible.

Stable and Unstable Systems

The system is said to be stable only when the outputis bounded for bounded input. For a bounded
input, if the output is unbounded in the system then itis said to be unstable.

Note: For a bounded signal, amplitude is finite.

Example 1: y t = x2t

Let the input is ut unitstepboundedinput then the outputyt = u2t = ut = bounded output.
Hence, the system is stable.

Example 2: yt = [z(t) dt

Let the input is u t unitstepboundedinput then the outputyt = [u(t) dt = ramp signal
unboundedbecauseamplitudeo frampisnot finiteitgoestoin finitewhent$ — $in finite

Hence, the system is unstable.



CONVOLUTION AND CORRELATION

Convolution

Convolution is a mathematical operation used to express the relation between input and output of
an LTI system. It relates input, output and impulse response of an LTI system as

y(t) = =(t) * h(t)
Where y t = output of LTI
xt = input of LTI
h t = impulse response of LTI
There are two types of convolutions:
e Continuous convolution

e Discrete convolution

Continuous Convolution

Input LTI SYSTEM Output
x(t) y(t) =x(t) * hit)

y(t) = x(t) * h(?)
= ffooo z(T)h(t — 7)dT
= [ a(t—T)h(T)dr

Discrete Convolution

Input LTI SYSTEM QOutput
x(n) y(n) =x(n) * h(n)
y(n) = z(n) *h(n)
=X _z(k)h(n —k)
or

=X2 _z(n—k)h(k)
By using convolution we can find zero state response of the system.
Deconvolution
Deconvolution is reverse process to convolution widely used in signal and image processing.

Properties of Convolution

Commutative Property
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1 (t) * 22(t) = 2(t) * 21 ()
Distributive Property

z1(t) * [z2(t) + z3(t)] = [21(F) * 22(2)] + [21(2) * 23(2)]
Associative Property

21 (8) * [w2(2) * 23 (t)] = [21(2) * 22 (2)] * 23(2)
Shifting Property

z1(t) * 22(t) = y(t)

1 () *x z2(t — to) = y(t — to)

1 (t —to) * w2 (t) = y(t — to)

z1(t—to) *zo(t —t1) = y(t —tg — 1)

Convolution with Impulse
z1(t) * 6(t) = =(t)
z1(t) x 0(t —ty) = x(t — to)
Convolution of Unit Steps
u(t) * u(t) = r(t)
uwt—T)*xult—T) =rt—T —Tb)
u(n) xu(n) = [n+ 1ju(n)
Scaling Property
If z(t) * h(t) = y(t)
then z(at) * h(at) = Ly(at)

|al
Differentiation of Output

if y(t) = z(t) * h(t)

dy(t dx(t
then dfﬁ = dtﬁ * h(t)

Note:
e Convolution of two causal sequences is causal.
¢ Convolution of two anti causal sequences is anti causal.
e Convolution of two unequal length rectangles results a trapezium.

e Convolution of two equal length rectangles results a triangle.



¢ A function convoluted itself is equal to integration of that function.
Example: You know that u(t) * u(t) = r(¢)
According to above note, u(t) * u(t) = [u(t)dt = [1dt =t = r(¢)
Here, you get the result just by integrating u(t).
Limits of Convoluted Signal
If two signals are convoluted then the resulting convoluted signal has following range:

Sum of lower limits < t < sum of upper limits

Ex: find the range of convolution of signals given below

o

x1 (t) T x(t/ 2)

W
W

-1 2 -2 2

Here, we have two rectangles of unequal length to convolute, which results a trapezium.
The range of convoluted signal is:
Sum of lower limits < t < sum of upper limits
14+ -2<t<242
-3<t<4
Hence the resultis trapezium with period 7.
Area of Convoluted Signal
The area under convoluted signal is given by A4, = A, A,
Where Ay = area under input signal
Ap = area under impulse response

Ay = area under output signal

Proof: y(t) = [ z(7)h(t — 7)dr
Take integration on both sides
Jy(t)dt = [ [ x(r)h(t — 7)drdt
= [z(r de h(t — 7)dt
We know that area of any signal is the integration of that signal itself.
Ay = Ay Ay

DC Component



DC component of any signal is given by

area of the signal

DC component = period of the signal

Ex: whatis the dc component of the resultant convoluted signal given below?

X1 (t) x(t/2)

W
W

-1 2 -2 2

Here area of x3t = length X breadth=1 x 3 =3

area of xot = length x breadth=1x4=4

area of convoluted signal = area of x1t X area of x>t

=3x4=12

Duration of the convoluted signal = sum of lower limits < t < sum of upper limits
=-1+-2<t<2+42

=-3<t<4

Period=7

area of the signal

.". Dc component of the convoluted signal = period of the signal

Dc component =

—
~|S

Discrete Convolution
Let us see how to calculate discrete convolution:
i. To calculate discrete linear convolution:

Convolute two sequences x[n] = {a,b,c} & h[n] = [e,f,g]

a b C

flfa b ~“fc

glga “gb _“gc

Convoluted output = [ ea, eb+fa, ec+fb+ga, fc+gb, gc]

Note: if any two sequences have m, n number of samples respectively, then the resulting
convoluted sequence will have [m+n-1] samples.

Example: Convolute two sequences x[n] = {1,2,3} & h[n] = {-1,2,2}



#
i p #
# o Iy
2 - zl #
2 # _,-f 6
o

Convoluted outputy[n] =[ -1, -2+2, -3+4+2, 6+4, 6]
=[-1,0, 3, 10, 6]

Here x[n] contains 3 samples and h[n]is also having 3 samples so the resulting sequence having
3+3-1 = 5 samples.

ii. To calculate periodic or circular convolution:

Periodic convolution is valid for discrete Fourier transform. To calculate periodic convolution all
the samples must be real. Periodic or circular convolution is also called as fast convolution.

If two sequences of length m, n respectively are convoluted using circular convolution then
resulting sequence having max [m,n] samples.

Ex: convolute two sequences x[n] = {1,2,3} & h[n] = {-1,2,2} using circular convolution

x| 1 2 3
Al 172 3

2 2

e
# e e
g g 6
2 - zl #
#
2 o~ P
-

Normal Convoluted outputy[n] =1[-1, -2+2,-3+4+2, 6+4, 6].
=[-1,0, 3, 10, 6]

Here x[n] contains 3 samples and h[n] also has 3 samples. Hence the resulting sequence obtained
by circular convolution must have max[3,3]= 3 samples.

Now to get periodic convolution result, 1st 3 samples [as the period is 3] of normal convolution is
same next two samples are added to 1st samples as shown below:

-1 0 3
+ 10 6

9 6 3

.. Circular convolution resulty[n] =9 6 3]

Correlation

Correlation is a measure of similarity between two signals. The general formula for correlation is



/_ " 1 (D) (t — Tt

o0

There are two types of correlation:
e Auto correlation
e Cros correlation

Auto Correlation Function

Itis defined as correlation of a signal with itself. Auto correlation function is a measure of similarity
between a signal & its time delayed version. It is represented with R$7$.

Consider a signals xt. The auto correlation function of xt with its time delayed version is given by

Ruy(r) = R(r) = / T a(a(t—r)dt  [+ve shift

o0

— /OO z(t)z(t + 7)dt [-ve shift]

o0

Where 7 = searching or scanning or delay parameter.
If the signal is complex then auto correlation function is given by

Ry1(1) = R(7) = /OO z(t)x * (t — 7)dt [+ve shift]

= /oo z(t+ 7)z * (t)dt [-ve shift]

Properties of Auto-correlation Function of Energy Signal

« Auto correlation exhibits conjugate symmetry i.e. R $78 = R*—$7$

e Auto correlation function of energy signal at origin i.e. at 7=0 is equal to total energy of that
signal, which is given as:

RO=E= [ |z(t)[*dt

1

e Auto correlation function 0o,
e Auto correlation function is maximum at 7=0i.e [R$7$ | <= ROV T
e Auto correlation function and energy spectral densities are Fourier transform pairs. i.e.
F.T[R(7)] = ¥(w)
U(w) = ffooo R(t)e ™"dr
e R(1) = (1) *x 2(—71)
Auto Correlation Function of Power Signals

The auto correlation function of periodic power signal with period T is given by
T
2

R(7) = lim l/ z(t)x * (t — 7)dt

T—o0 -T
2



Properties
o Auto correlation of power signal exhibits conjugate symmetry i.e. R(7) = R % (—7)

e Auto correlation function of power signal at 7 = 0 atoriginis equal to total power of that
signal. i.e.

R(0) =p

1

e Auto correlation function of power signal 00,

e Auto correlation function of power signal is maximum at7 =0 i.e,,
[R(T)| < R(0)VT
e Auto correlation function and power spectral densities are Fourier transform pairs. i.e.,
F.TR(1)] = s(w)
s(w) = f_ozo R(T)e Tdr
o R(7) =z(1) *xx(—71)
Density Spectrum
Let us see density spectrums:
Energy Density Spectrum

Energy density spectrum can be calculated using the formula:
> 2
B— [ |a(pPas
—00

Power Density Spectrum

Power density spectrum can be calculated by using the formula:
2
P =% | Cn‘
Cross Correlation Function
Cross correlation is the measure of similarity between two different signals.
Consider two signals x1t and xt. The cross correlation of these two signals ng(r) is given by

Rus(r) = / T (et — )t [+ve shift]

o0

= /OO z1(t + 7)xo(t) dt [-ve shift]

0

If signals are complex then

Ris(7) = /_OO z1(t)zs(t —7)dt [+ve shift]

e}

= /OO z1(t+ 7)xi(t) dt [-ve shift]

o0



Rm(ﬂzzjfmxﬂwxﬂt—Tyﬁ [£ve shift]

o0

= / h zo(t+ 7T)xi(t)dt  [-ve shift]

e}

Properties of Cross Correlation Function of Energy and Power Signals

Auto correlation exhibits conjugate symmetry i.e. Ry5(7) = R%,(—7) .

Cross correlation is not commutative like convolution i.e.
R15(T) # Ra1(—71)

If R120 = 0 means, if [°° ()23 (t)dt = 0 , then the two signals are said to be orthogonal.

T

For power signal if limp_, L 2 2(t)z*(t) dt then two signals are said to be orthogonal.
TJ L
2

Cross correlation function corresponds to the multiplication of spectrums of one signal to the
complex conjugate of spectrum of another signal. i.e.

Rio(7) +— X1 (w) X3 (w)
This also called as correlation theorem.

Parsvel's Theorem

Parsvel's theorem for energy signals states that the total energy in a sighal can be obtained by the
spectrum of the signal as

_ 1 poo 2
E=_ " | X (w)|” dw

Note: If a signal has energy E then time scaled version of that signal xat has energy E/a.



DISTORTION LESS TRANSMISSION

Transmission is said to be distortion-less if the input and output have identical wave shapes. i.e., in
distortion-less transmission, the input xt and output yt satisfy the condition:

yt = Kx(t-tq)
Where ty = delay time and
k = constant.
Take Fourier transform on both sides
FT[y t]= FT[Kx(t - tg)]
= KFT[x(t - tg)]
According to time shifting property,
= KXwe Wt
Y (w) = KX (w)e /+t

Thus, distortionless transmission of a signal xt through a system with impulse response ht is
achieved when

|H(w)| = K and amplituderesponse

®(w) = —wty = —2wft; phaseresponse

' [H(w)| s D)

U] T~

Amplitude response Phase response
A physical transmission system may have amplitude and phase responses as shown below:
* [H(w)| . & Pl

./ | & : . o

, @
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LAPLACE TRANSFORMS LT

Complex Fourier transform is also called as Bilateral Laplace Transform. This is used to solve
differential equations. Consider an LTI system exited by a complex exponential signal of the form x

t = Gest,

Where s = any complex number = o + jw,
o = real of s, and
w = imaginary of s

The response of LTI can be obtained by the convolution of input with its impulse response i.e.
y(t) = x(t) x h(t) = [°2 h(r)z(t — 7)dT
= [% h(r) Ge*t"dr
= Ge®. ffooo h(r) el=*7) dr

y(t) = Gest. H(S) = z(t). H(S)
Where HS = Laplace transform of h(T f h(T)e*7dr
Similarly, Laplace transform of z(t) = foo Ye Stdt... ... (1)
Relation between Laplace and Fourier transforms
Laplace transform of z(t) = foo e stdt
Substitute s= 0 + jw in above equation.
— X(o+ jw) = [7 a(t)e Tttt

= ffooo [z(t)e e Wt dt

. X(S)=F.T[z(t)e ... ... (2)
X(S) = X(w) for s = jw
Inverse Laplace Transform
You know that X(S) = F.T[z(t)e 7]
— z(t)e = F.TX(S)] = F.T'[X(0 + jw)]
= %wffooo X(o + jw)et dw
z(t) = e % 7 X(o+ jw)e™! dw
= o= [, X(o 4 jw)elo ) dw .. ... (3)

Here, o+ jw = s

jdw = ds — dw = ds/j
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cox(t) = % 7 X(s)elds... ... (4)

Equations 1 and 4 represent Laplace and Inverse Laplace Transform of a signal xt.

Conditions for Existence of Laplace Transform
Dirichlet's conditions are used to define the existence of Laplace transform. i.e.
e The function ft has finite number of maxima and minima.
e There must be finite number of discontinuities in the signal ft,in the given interval of time.

e It must be absolutely integrable in the given interval of time. i.e.

Jo [ F®)]dt < 00

Initial and Final Value Theorems

If the Laplace transform of an unknown function xt is known, then it is possible to determine the
initial and the final values of that unknown signal i.e. xt att=07" and t=w.

Initial Value Theorem

Statement: if xt and its 1st derivative is Laplace transformable, then the initial value of xt is given
by

z(0%) = lim SX(S)

S— 00
Final Value Theorem

Statement: if xt and its 1st derivative is Laplace transformable, then the final value of xt is given
by

z(o0) = lim SX(9)

§—00



LAPLACE TRANSFORMS PROPERTIES

The properties of Laplace transform are:

Linearity Property

it 2(t) £ X(s)

s y(t) &5 Y(s)

Then linearity property states that
az(t) + by(t) €= aX(s) + bY(s)
Time Shifting Property

it 2(t) £ X(s)

Then time shifting property states that
ot — t) £s =5 X(s)
Frequency Shifting Property
it () ¢ X(s)

Then frequency shifting property states that
et x(t) & X(s— s9)

Time Reversal Property

it 2(t) £ X(s)

Then time reversal property states that

2(—t) &5 X(—s)

Time Scaling Property

it () ¢ X(s)

Then time scaling property states that

z(at) &0 iX(%)

|al

Differentiation and Integration Properties

it 2(t) € X(s)

Then differentiation property states that
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de(t) LT
o 5. X(s)

diz(t) L.T n

The integration property states that

[z(t)dt <= LX(s)

L.T
[f-.. [z(t)dt < +X(s)
Multiplication and Convolution Properties
it () ¢ X(s)

and y(t) &5 Y(s)

Then multiplication property states that
L.T

z(t). y(t) «— %MX(S) * Y(s)

The convolution property states that

o(t) % y(t) €= X(s). Y(s)



REGION OF CONVERGENCE ROC

The range variation of o for which the Laplace transform converges is called region of
convergence.

Properties of ROC of Laplace Transform

e ROC contains strip lines parallel to jw axis in s-plane.

Strip Line if:" S-plane
\ /'_‘\
S~
\\ Z
S

If xt is absolutely integral and it is of finite duration, then ROC is entire s-plane.

If xt is a right sided sequence then ROC : Re{s} > o,.

If xt is a left sided sequence then ROC : Re{s} < g,.

If xt is a two sided sequence then ROC is the combination of two regions.

ROC can be explained by making use of examples given below:

Example 1: Find the Laplace transform and ROC of z(t) = e — u(t)

L.T[a(t)] = L. Tle — u(t)] = 5=

Re > —a
ROC : Res >> —a

S-plane

.
\

/NS

Example 2: Find the Laplace transform and ROC of z(t) = e¥u(—t)

L. T[x(t)] = L. Tle*u(t)] = -

Res < a
ROC : Res < a
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S-plane
j:_:.. /_\
/
e —
E,..-v-""fr a

S

Example 3: Find the Laplace transform and ROC of z(t) = e %u(t) + e®u(—t)

\

d\f

L.T[z(t)] = L. Te " u(t) + eu(—t)] = 51— + g

For ﬁRe{s} > —a

For ﬁRe{s} <a

S-plane

Referring to the above diagram, combination region lies from -a to a. Hence,
ROC: —a < Res< a
Causality and Stability

e For a system to be causal, all poles of its transfer function must be right half of s-plane.

ja
Fi

poles

LV V.4
A AN

0]

e A system is said to be stable when all poles of its transfer function lay on the left half of s-
plane.



jw

poles

NN
YA

L

¢ A system is said to be unstable when at least one pole of its transfer function is shifted to the
right half of s-plane.

SN NS N
A

e A system is said to be marginally stable when at least one pole of its transfer function lies on
the jw axis of s-plane.

ja

¥

poles X

L 4

ROC of Basic Functions

ft Fs ROC

ROC: Re{s} >0

tu(t) - ROC:Re{s} > 0
S
n!
t" u(t) ROC:Re{s} > 0
gn+1
at 1
e u(t) ROC:Re{s} > a




_s+a

ROC:Re{s} > -a

ROC:Re{s} < a

ROC:Re{s} < -a

ROC:Re{s} > a

ROC:Re{s} > a

ROC:Re{s} > -a

ROC:Re{s} > -a

ROC:Re{s} < a

ROC:Re{s} < a

ROC:Re{s} < -a

ROC:Re{s} < -a



e % cos

bt

e % sin

bt

S+ a

(s +a)?

+ B

(s+a)?

+ 1?2



Z-TRANSFORMS ZT

Analysis of continuous time LTI systems can be done using z-transforms. It is a powerful
mathematical tool to convert differential equations into algebraic equations.

The bilateral twosided z-transform of a discrete time signal xn is given as
Z.Tz(n)] = X(Z2) =52 _z(n)z™™

The unilateral onesided z-transform of a discrete time signal xn is given as
Z.Tx(n)] = X(2) = X2 yz(n)z™"

Z-transform may exist for some signals for which Discrete Time Fourier Transform DT F'T' does
not exist.

Concept of Z-Transform and Inverse Z-Transform

Z-transform of a discrete time signal xn can be represented with XZ, and it is defined as
X(Z2) =22 _x(n)z7™...... (1)

If Z = rel then equation 1 becomes

X(re) =32 _ x(n)[re]"

=32 _z(n)[r e jwn

X(re) = X(Z) = F.Tlz(n)r™]... ... (2)
The above equation represents the relation between Fourier transform and Z-transform.
X(2)| e = F. T[m(n)].

Inverse Z-transform

X(re®) = F.T[x(n)r

z(n)r™ =F.T 1 X(re¥]
z(n) =7 F.T 1 X(rew)]

=7 [ X(relw)e dw

Substitute re/¥ = z.
dz = jre/dw = jzdw
dw = %z‘ldz

Substitute in equation 3.
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Z-TRANSFORMS PROPERTIES

Z-Transform has following properties:
Linearity Property
Z.T
If z(n) «— X(2)
Z.T
and y(n) «— Y(2)
Then linearity property states that
Z.T
az(n)+by(n) «— aX(Z2)+bY(2)
Time Shifting Property
Z.T
If z(n) «— X(2)
Then Time shifting property states that
Z.T
z(n —m) «— 2z "X(2)
Multiplication by Exponential Sequence Property
Z.T
If z(n) «— X(2)
Then multiplication by an exponential sequence property states that
Z.T
a".z(n) «— X(Z/a)
Time Reversal Property
Z.T
If z(n) «— X(2)
Then time reversal property states that
Z.T
z(—n) +— X(1/2)
Differentiation in Z-Domain OR Multiplication by n Property
Z.T
If z(n) «— X(2)
Then multiplication by n or differentiation in z-domain property states that
7.T d*X(Z)
k _ 11k -k
nfzx(n) «— [—1]°z T

Convolution Property

it 2(n) €= X(2)
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and y(n) €= Y(2)

Then convolution property states that
Z.T
z(n) *y(n) <= X(2).Y(2)

Correlation Property
Z.T
If z(n) «— X(2)

and y(n) €= Y(2)

Then correlation property states that

Z.T
z(n) @ y(n) +—— X(2).Y(Z71)
Initial Value and Final Value Theorems

Initial value and final value theorems of z-transform are defined for causal signal.

Initial Value Theorem

For a causal signal xn, the initial value theorem states that

z(0) = lim, o X(2)

This is used to find the initial value of the signal without taking inverse z-transform
Final Value Theorem

For a causal signal xn, the final value theorem states that

z(o0) = lim, 1 [z — 1) X(2)

This is used to find the final value of the signal without taking inverse z-transform.
Region of Convergence ROC of Z-Transform

The range of variation of z for which z-transform converges is called region of convergence of z-
transform.

Properties of ROC of Z-Transforms

e ROC of z-transform is indicated with circle in z-plane.
¢ ROC does not contain any poles.

¢ If xn is a finite duration causal sequence or right sided sequence, then the ROC is entire z-
plane exceptatz = 0.

e If xn is a finite duration anti-causal sequence or left sided sequence, then the ROC is entire z-
plane exceptatz = .

e If xn is a infinite duration causal sequence, ROC is exterior of the circle with radius a. i.e. |z|
> a.

e If xn is a infinite duration anti-causal sequence, ROC is interior of the circle with radius a. i.e.
|z] < a.

e If xn is a finite duration two sided sequence, then the ROC is entire z-plane exceptatz=0 &
Z= o,



The concept of ROC can be explained by the following example:

Example 1: Find z-transform and ROC of a"u[n| + a~ nu[—n — 1]

Z.Tla"uln]]| + Z.T[a "u|-n — 1]] = Zi + Zi

1
ROC : |z| > a ROC: |2| < =
a

The plot of ROC has two conditionsasa > 1 and a < 1, as you do not know a.

. ) _
unit circle | unit circle

a
In this case, there is no combination ROC.
unit circle M o
, unit circle
1/a>1
a

Here, the combination of ROC is from a < |z| < %

Hence for this problem, z-transform is possible when a < 1.

Causality and Stability

Causality condition for discrete time LTI systems is as follows:

A discrete time LTI system is causal when
e ROC is outside the outermost pole.

e In The transfer function H[Z], the order of numerator cannot be grater than the order of
denominator.

Stability Condition for Discrete Time LTI Systems



A discrete time LTI system is stable when
e its system function H[Z] include unit circle |z|=1.

e all poles of the transfer function lay inside the unit circle |z|=1.

Z-Transform of Basic Signals

xt X[Z]
) 1
u(n) 7
_ Z
u(—n 71

_]_)

auln] Zil
a*u[-n __Z
Z—a
_ 1]
Z
n a"u[n| |Za—a|2
naul-n __aZ
|Z—al’
_ ]_]
a® cos Z?—aZ cosw
Z?—2aZ cos
wnuln| ot
a” sin aZ sin w
Z%—-2aZ cos
wnuln]

w+a?



